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MATHEMATICS
Paper : MATO400204
(Complex Analysis)

Full Marks : 45

Time : Two hours

The figures in the margin indicate |
Jull marks for the questions.

Answer either in English or in Assamese.

1. Answer the following as directed : 1x5=5
AT N0 TelR AT TeT W

(i) Sketch the set mmz>1.
Imz>1 JZO0 A I |

(ii) Describe the domain of the function
1
zP 41

1
z2 +1

Faeq Swcwa o |
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(v)

Write the function f(z)=2z’+z+1 in
the form f(z)=u(x,y)+w(x,y).
f(z)=2°+z+1 T

f(z) =u(x,y)+iv(x,y) SRS favar|

Show that
e @

. 4zZ°
lim >
Zoo {z_ 1 )

=4

Define entire functions.

Rl 2127 ROITNGF (Entire) Fem T@hie
41|

Answer any five of the following questions :

2x5=10

©R farerar <shr o ek i o

()

(tii)

(iv)

Show that if a function f(z) is
continuous and non-zero at a point z,

then f(z)#0 throughout some
neighbourhood of that point.-

@S @AM f(z) T z, Fe wiiftem
I S 2 (OB (AR RE (IR 61 pIaT
f(z)#01

Show that the function f(z)=2" is
entire.

(e A f(z)= 2> T FACA HRCS
Res9iNE (Entire) 23

Using Cauchy-Riemann equations
determine where f'(z) exists, when

flz)=1/z.

() What do you mean by the accumulation
point of a set? Determine the Cauchy-Riemann #q%31 IRTR 3
accumulation point of the set flz)=1/z TE® f(z) T© WS GG
z, =in(n=1:2:--)- ﬁ‘ﬁ 9
<t 2o Ty o = TR
2, = 1"(n =1,2,..) (R T By 7, (v) Find z such that e* =1+3i.
z o1k Sfereat as e” = 1+V3i =)
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(vi) Show that the function

&

f(z)=22" -3 ze® +e * is entire,
MYSA A f(z) =22 -3 ze* e * W0
SR MRS RS (Entire) 2N |

(vit) Show that
sinz = sinxcoshy+icosxsinhy where
Z=x+1y.
M8 @ sinz = sinxcoshy +icosxsinhy
IS z=x+iy |

(viii) Evaluate the integral LWE' “dt,(Rez > 0),

[Te=at,(Re z > 0) wertbia Wi ey 241 |

' . dz
(ix) Evaluate the contour integral L'z—

where C is the top half of the circle
|z|=1 from z=] to z=-].

d
Contour S« L—ZE IR [y 391 9w ©

R z=1 3R z=-] W& 4G |5|=1] 4
G S |
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() Show thnt
(,L'wj\p.qq[ (1

7z Ot
J‘ 2} £ -
7 | /-

¢

3. Answer any four of the following

questions: 5#4=2(0)

w4 farmrn sifabt st Gaa fur

(i)  Suppose that [f(z) ufx,y)+ivix,y)
where z - x +iy and
Zy = Xy b ilYy, Wy = Uy +iv,. Then prove

that fm f(z) -~ w, i

lim u(x, u
(xu) > %0 b0 ) (xy) o and

lim u(x =V
(X X0 ) ( 'y} 0.

44 el U f(z) - u(x,y)+ivfx,y) NS
Z= X Hiy S oz, - X, bYW, - Uy by, |

we @l @ lim f(z) < w, Al

lim —u(x,y) = u, w4
(X0 )M %)

lim v(x,y)-v
(x.) ¥ %) (X4) = vy |
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(@)

(it1)

dw

Suppose f(z) = z. Examine where —~

exists.

_d
R W@ fp)=z o T S R

S|

Suppose that f(z)=u(x,y)+iv(x,y)
and its conjugate

f(z) =u(x,y)~iv(x,y) are analytic in
a domain D. Then show that f(z) must
be constant throughout D.

R @@ f(z)=u(x,y)+iv(x,y) S
TR WL Fz) =u(x,y)-iv(x,y)
domain DS REEENTS 0| e @
f(z),D S $3F 2|

(v)

(vy)

(viy)

What do you mean by harmonic
functions ? Show that if a function

flz)=u(x,y)+iv(x,y) is analytic in a
domain D then its component functions
u and v are harmonic in D.

Harmonic ¥ & & q@@e mysa @
I GBI T f(z)=u(x,y)+iv(x,y) 41
domain D® REFIISR 27, (ST 27_ SoAWH
Feq u %€ v, D ® harmonic Zd|

Define complex exponential function

and show that it is entire.
Gfbel exponential T A al o<

eI (@ T 0! J1Z0S REITeEGS (Entire)
= |

Show that
ed @

(1+ i)i = exp(—%+2nnjexp(iln72),n eZ.

(iv) Show that if f(z)=0 everywhere in a
domain D then f(z) must be constant
throughout D.

(viii) Let C denote the positively oriented
boundary of the square whose sides lie
along the lines x=+2 and y=+2.
Applying the Cauchy’s integral formula

-2

3ft @Ot domain DI TS f(z)=0 =,
(SN @ f(z),D© IS |

e
evaluate L—z D)
-
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RN AR R S S R S
QOO U DREE | =) By = 1) A
Al WicR L Cauchys integral 24 sl pl4

\ &

L= 5 ds i i

- v -

4. Answer any one of the {ollowing questions:
10x1=10

O e b s Bag il o

() Suppose that f(z)- u(x,y)+iv(x,y)
and that [f(z) exists at a poini

£, = Xy t 14, . Prove that the first order

partial derivatives of 1 and v must exist

at (x,.y,)and they must satisfy the
Cauchy-Riemann equations there. Also

show that ['(z)=u, +iv, =v, -iu,
where partial derivatives are to be
evaluated at (x,,Y,).

R @ A frz)=ulxy)rivix,y) S
fi(z), 2, = x, + 1y, @ icwatan 31 | e
T Q@ oy S p 4 A @ e s
(Xo,Y,) ® «fed e Gi% ©e Cauchy-
Riemann »Maad %248 afeq aifiq | eore

BO6FN 0139A 8

mgaal o f(z,)-u, v, -, w7
ol GG A w [,y ) % FTrae
Al |

() Bhow that if wlt): 7 »7, a<t-<b 1n =

continuagus function then

< 'fwrt) |t

' f wit)dt

Suppose Cis a contour of length L and
[ is continuous of C. If M is non-

negative constant such that | f(z) M,
Vz e C at which f(z) i1s defined the using
the above result show that

\ [ f(z)dz < L.

W owt): 7T, q<t<b FAE T, T

'wa(t)dt’s [‘lwt)1dr.

4f4 (@RI 27 C, L W4 contour 78 B f,C
w wiaften 20| 7 M SArTE e 73 ACS

HBA VzeC A A | flz)|sM | THAAA
PApE g9 T TYed &

<ML .

[ f(z)az
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(iti) State and prove Liouville’s theorem. (b) F=ffETA DS %l IF contour S f (z)
Liouville-3 SoomyH! 141 i< 2= =531 | 3 TRCE TAGTIRE W |

Suppose that a function f(z) is

(1v)
continuous in a domain D. Show that
the following statements are equivalent:
{a) The integrals of f(z) along contours
lying entirely in D and extending
from any fixed point z, to any fixed
point z, all have the same value.
(b) The integrals of f (z) around closed
contours lying entirely in D all
have value zero.
413 (7RI (@ 951 ¥ £ (z) 951 domain D ©
afafozn za1 iy @ Pl fyfenz
AIGE ¢ |
(a) =i D 1 @ R fim Ry
z, 3 R fa fa R 209 Rgs
contour © f(z) 3 N GFEACARE N
9 |
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